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Introduction 

0.1. Let U be an iV-dimensional vector space over a finite field F q and let U* be 
the dual vector space. Let k : U x U* — > F q be the canonical pairing. We fix a 
prime number I such that I 7^ in F q and a nontrivial character ip : F q — > Q^*. (We 
denote by Q; an algebraic closure of the field of Z-adic numbers.) If / : U — ^ is 
a function, the Fourier transform / : U* — > Q; is defined by 

xeu 

0.2. Assume that q is odd, N is even > 4 and that U is endowed with a split 
nondegenerate symmetric bilinear form (, ) : U x U — > F q . This allows us to 
identify U* = U. Let SO(U) be the special orthogonal group of (, ). The following 
is the prototype of a problem that we are interested in. 

(a) Describe the space of all functions f : U — > Q; which are constant on 
each orbit of SO(U) such that both f and f vanish on the complement of {x G 
U; (x,x) = 0}. 

It turns out that the space (a) consists of all scalar multiples of a single function 
namely: 

f(x) = if (x, x) 7^ 0, f(x) = 1 if (x, x) = 0, x 7^ 0, 
f(x) = l + q( N - 2 V 2 ifx = 0. 

The proof is an easy exercise (the fact that / = / is shown in [L4,§11]; see also 
the last paragraph of 3.5). 

Let k be an algebraic closure of F q . The function / can be interpreted as 
the characteristic function of the intersection cohomology complex of the quadric 
(x, x) = in k (gi U. This quadric is singular at and this accounts for the term 
q(N-2)/2 j n the formula for /(0). 
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0.3. Let G be a connected reductive algebraic group over k with a given semisim- 
ple automorphism d : G G with fixed point set G 3 . Let K be the identity 
component of G® . We assume that the characteristic of k is sufficiently large. 
Now $ induces a (semisimple) automorphism of the Lie algebra g of G. For any 
( G k* let g^ be the ^-eigenspace of this automorphism. Note that K acts on g^ 
by the adjoint action. Let g™ 1 be the variety of elements in g^ which are nilpotent 
in g. We assume that we are given an F g -structure on G such that 1} : G — > G 
is defined over F g , such that all eigenvalues of : g — » g are in F* and such that 
there exists a Borel subgroup of G defined over F q which is ^-stable. Then K, g 
and g^ (for any () inherit an F g -structure. Let k : gx g kbe a, fixed G-invariant 
nondegenerate symmetric bilinear form; we assume that it is also ^-invariant and 
defined over F q . It induces a nondegenerate bilinear pairing : g^ x g^-i — > k 
(for any Q which is again defined over F q . This allows us to identify g^-i with 
the dual space of g^ (compatibly with the F g -structures and inactions). We fix 
( G k*. The following is a generalization of the problem 0.2(a). 

(a) Describe the space of all functions f : g^(F g ) — > Q; (which are constant on 
each orbit of K(F q )) such that f vanishes on any non-nilpotent element of g^(F q ) 
and f vanishes on any non-nilpotent element of g^-i(F q ) . In particular, when is 
this space nonzero? 

(The example in 0.2 arises in the case where G = 5 , 02 n +i(k), K = S02n(k), 

C = -i.) 

In the case where £ = 1 the solution of (a) can be found in [LI]. It turns 
out that in this case functions as in (a) exist very rarely and they are related to 
"cuspidal character sheaves". For example if G = 5p2n(k), $ = 1, £ = 1, there is 
up to scalar at most one nonzero / as in (a); it exists if and only if n = i(i + l)/2 
for some i G N. On the other hand, when $ is an inner automorphism and £ 7^ 1, 
we will show (see 3.4(a)) that the space (a) is always nonzero. 

0.4. Assume now that in 0.3 we take G = GL(V) where V is a finite dimensional 
k-vector space with a fixed F g -structure and a fixed grading V = ©igz/m^ such 
that each Vi is defined over F q . Here m is a fixed integer > 2 such that m 7^ in 
k. Let a £ k* be such that a m = 1 and 1, a, ... , a m_1 are distinct. Define go € G 
by go(v) = a l v for v G Vi,i G Z/m. Define d : G — > G as conjugation by #0- Then 
g a can be viewed as the space of representations of a cyclic quiver with m vertices 
of fixed multidegree. In this case we will describe completely the space 0.3(a) by 
exhibiting an explicit basis for it. (See 2.14(a)). This basis is closely connected 
with the theory of canonical bases [L2] applied to affine SL m . 

0.5. As suggested by the example in 0.2, it is useful to study the problem 0.3(a) by 
passing to k and using geometric methods, namely using perverse sheaves instead 
of functions and using Deligne- Fourier (D-F) transform (see 0.7) instead of Fourier 
transform. 

Let E be a finite dimensional k-vector space and let E be its dual space. Let 
K be a connected linear algebraic group with a given homomorphism of algebraic 
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groups K — » GL(E). Then K acts on E and (by duality) on E. A complex (of 
Qz-sheaves) on E is said to be orbital if it is a simple K-equivariant perverse sheaf 
on E supported by the closure of a single iiT-orbit. A complex (of Q^-sheaves) on 
E is said to be antiorbital if it is isomorphic to the D-F transform of an orbital 
complex on E. (Then it is a simple X-equivariant perverse sheaf on E.) A complex 
(of Qz-sheaves) on E is said to be biorbital if it is orbital for the if-action on E 
and its D-F transform is orbital for the X-action on E. 

0.6. Assume now that E = g^, K are as in 0.3, (£ G k*). Some general results on 
if-orbits on g^ can be deduced from Vinberg's work [V]. In the case where Q = 1 
an explicit description of the antiorbital complexes on g^-i is given in [LI]. 

In the case where g^ arises as in 0.4 from a cyclic quiver an explicit description 
of the antiorbital complexes on g^-i is given in Theorem 2.6. By "explicit" we 
mean that for each antiorbital complex we describe its support and the associated 
local system on an open dense smooth part of the support. 

We also describe explicitly the collection of antiorbital complexes on E in a 
case where E, K does not come from the setup in 0.3 (see 3.9). In this example, 
E is the coadjoint representation of a unipotent group K and there are infinitely 
many subvarieties of the adjoint representation E which appear as supports of 
antiorbital complexes. 

Assume again that E = g^, K, ft are as in 0.3 with Q e k*, so that E = g^-i. 
Let 0^ be the collection of simple X-equivariant perverse sheaves /C on g^ such 
that supp(/C) C g£" z and supp(£(/C)) C g™'i. Note that 0^ contains only finitely 
many objects up to isomorphism. The following is a geometric analogue of problem 
0.3(a). 

(a) Describe explicitly the objects of (by describing the corresponding nilpo- 
tent K -orbits and associated local systems). In particular when is 0^ nonempty? 
In the case where ( = 1 the solution of this problem can be found in [LI]. It turns 
out that in this case 0^ is almost always empty. For example if 67 = 5 , p 2 n(k), 
# = 1, C = 1) there is up to isomorphism at most one object of 0^; it exists if and 
only if n = i(i + l)/2 for some i 6 N. At the other extreme, in the case where £ 
has large order in k* (say > dimg), g^-i and g^ consist of nilpotent elements and 
0£ consists of all orbital complexes on g<*-i (they are automatically antiorbital). 
If we assume only that ( ^ 1 (and that •& is an inner automorphism), we can show 
that 0£ 7^ 0. (See 3.3.) In the case which arises as in 0.4 from a cyclic quiver, 
we determine 0^ explicitly. (See 2.13). In this case 0^ is exactly the collection 
of simple perverse sheaves on E defined by the theory of canonical bases for affine 
SL m . (This gives a new characterization of that canonical basis.) In any case, the 
set (of isomorphism classes in) 0^ can be viewed as a basis of a finite dimensional 
Q(v)-vector space and we have the operations of " induction" and "restriction" 
(see the Appendix) relating and the analogous vector space for a ^-stable Levi 
subgroup analogous to multiplication and comultiplication in a quantum group; 
we also have canonically = V^-i (compatibly with the bases) and this agrees 
with the operations of induction and restriction. Thus, 0^ behaves in many re- 
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spects like a canonical basis. (This point of view has been already emphasized in 
[L5] which corresponds to the case where ( has large order in k*.) 

0.7. Notation. If X is an algebraic variety let T>(X) be the bounded derived 
category of constructible Q^-sheaves on X The objects of V(X) are said to be 
complexes. If K, G T>(X) we write /C[?] instead of "/C with some shift". We say 
"local system" instead of " Qz-local system" . If £ is a local system on X and x G X 
we denote by C x the stalk of C at x. If Y is a locally closed smooth irreducible 
subvariety of X and £ is a local system on Y, then the intersection cohomology 
complex IC(Y,C) on the closure Y of Y is well defined. Extending this by on 
X — Y we obtain a complex IC(Y , C)x in ^P0- Now ip (see 0.1) defines an 
Artin-Schreier local system of rank 1 on k; its inverse image under any morphism 
4> : X — > k is a local system Cfi of rank 1 on X. 

Let E, E be as in 0.5. Let (, ) : E x E — » k be the obvious pairing. Let 
5 : V{E) — > £>(£) be the Deligne-Fourier (D-F) transform 

K i-> £(/C) = <J,'(<y*(/C) <g> £<'>)[dim£]; 

here 5 : E x E — > E, 5' : E x E — > E are the two projections. 
For fieN, (5 n denotes the symmetric group in n letters. 

Contents 

1. Cyclic quivers and orbital complexes. 

2. Cyclic quivers and antiorbital complexes. 

3. Further examples of antiorbital complexes. 
Appendix. Induction, restriction. 

1. Cyclic quivers and orbital complexes 

1.1. In this and the next section we fix an integer m > 1 such that m ^ in k. 
We set I = Z/m. We fix e = ±1 in /. 

Let C be the category of finite dimensional k-vector spaces V with a given 
/-grading that is, a direct sum decomposition V = (BieiVi indexed by I (the 
morphisms are linear maps compatible with the grading). For V G C we define 
\V\ = (\V\i) E N 7 by \V\i = dim(^). Define v G C by v, = k for all % G I. For 
V G C we set 

E e v = {T eEnd(V);TViCV i+£ Vz}. 

Let C e be the category whose objects are the pairs (V, T) where V E C and T G -E^ 
(the morphisms are linear maps compatible with the grading and which commute 
with the given endomorphisms). For V G C let 



G v = {A G GL(V), AVi = V t Wi G /}, 
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a closed subgroup of GL(V) isomorphic to Yliei GL(Vi). Note that Gy acts natu- 
rally by conjugation on E v . Clearly the GV-orbits on E v are in natural bijection 
with the isomorphism classes of objects (V, T) G C e such that V = V in C. 

For any T G E v and any A G k let Vt,\ be the generalized A-eigenspace of 
rpm . y _^ y ^ Q ^ e ^hat Vr,\ is compatible with the grading of V hence is itself 
an object of C. Moreover Vt,\ is T-stable. We denote the restriction of T to Vt,\ 
by A T. We have (V T ,\, X T) G C e and (V, T) = ©Aek(Vr,A, in C e . We set 

S T = {\ek*;V TtX ^0}. 

For any A G k let Ey = {T G £y; Vt,a = ^} (a closed Gy-stable subset of E v ). 
We say that Ey° is the nilpotent variety in E^>. 

If V = v we set Ey C) * = Ey e — -E^ 6 ' = U\ e ^*Ey e ' X (an open dense subset of 
Ey £ ); for A G k* we define a A : E~ e >* -> k* by a A (T) = AA' where T G ^ e ' A '. 

We describe some objects of C e . 

Let .4. = {(a, 6) G Z x Z; a < 6}. Now mZ acts freely on A by c : (a, b) h- > 
(a + c, 6 + c); let „4 m be the space of orbits. We write a, 6 for the orbit of (a, b) G A 

Let (a, b) G .4. Let V = V a ,b be the k- vector space with basis e a , e a +i, . . . , e& 
viewed as an object of C in which G Vj for all j = a, a + 1, . . . , b. (The index j 
in Vj is viewed as an integer mod m.) Define T\ G E v by e a i— > e a+ i h- > e a+ 2 i— > 
. . . i— > efe i— > 0. Define T_i G -Ey 1 by i— > e^-i i— > i— > . . . i— > e a i— > 0. We 
have (Kj ; 5,T e ) G C e . Moreover the isomorphism class of (V a ^,T e ) in C e depends 
only on the mZ-orbit of (a, b). Hence we can use the notation (Vp,T e ) for this 
isomorphism class where (3 = a, b G A m . 

Let A G k* and let n G Z >0 . Choose A' G k* such that A /m = A. Let U = U(n) 
be the k- vector space with basis e a ,i (a G [l,n],z G I). For i e J let U{ be the 
subspace of U spanned by e a ^(a G [l,n]). These subspaces form an /-grading of 
U. Define 2\ G End(U) by i-> e a ^ +£ (a G [l,n],i G I). Define T 2 G End(t/) 
by e 0>i i-> e a+ i )i+e (a G [l,n- G I), e nji i-> (i G I). We have Ti,T 2 G Efj, 
T{F 2 = T 2 T 1 . We have Tf 1 = 1 hence 2\ is semisimple. Clearly, T 2 is nilpotent 
hence T e (A) := A'Ti +T 2 G End(t/) is such that T e (A) m - A : U -> *7 is nilpotent. 
We have T e (A)) G C e . We show that the isomorphism class of (U,T e (X)) is 

independent of the choice of A'. Let A" G k* be such that X" m = A. We must show 
that there exists R G G v such that #(A'Ti + T 2 ) = (A"Ti + T 2 )i?. Let z = A"/A'. 
Define G by e ai j h- > z~ a z ei e a) i (a G [1, n], i G I). (Here z el makes sense since 
z m = 1.) We have i?Ti = zT u RT 2 = T 2 R and our claim follows. 

Now (Vp,T e ) and (U(n),T e (X)) are indecomposable objects of C e ; it is easy to 
see that, conversely, any indecomposable object of C e is isomorphic to (Vp, T e ) (for 
a well defined (3 G A m ) or to (U(n), T e (A)) (for a well defined n > 1, A € k*). 

1.2. Define 1 G N 7 by lj = 1 for all i & I. Let 7£ be the set of maps p : 
Z >0 — * N such that p(n) = for all but finitely many n. For p G 1Z we set 
P = Enez >0 /°( n ) n G N - For any t G N let TZ t = {p G TZ; p = t}. 
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Let V be the set of maps a : A m — » N such that cr(/3) = for all but finitely 
many (3 G A m . Let 

V ap = {aeV; fl (t(M) =0 VnG N}. 

a,bEA m -b—a=n 

(This is a finite product.) The elements of V ap are said to be aperiodic. For a £ V 

we set |a| = E/3eA n (J (/ 3 )I^I e N/ - For an y ^ e N ' we set ^ = i a e ^ = u }- 
Let = {a G V" p ; \a\ = v}. 

Let Z be the set of all collections 9 = (9\)\ e \ i where 9\ G 1Z for A G k*, 
6*o G V are such that 6>a = for all but finitely many A. For 6 G Z we set 
I 6 *! = EAek* M + N G N 7 . For i/ G N 7 let Z v = {9 G Z; |0| = i/}. 

For any p G 72. let II p be the corresponding irreducible representation of & p 

over Q^. (In particular if p(l) = N and p(n) = for n > 1 then n p is the unit 
representation of &n-) Let iVp = dimllp. 

1.3. Let V G C. From the results in 1.1 we see that the GV-orbits on E v are 
naturally indexed by the set Z\ v y. the Gy-orbit E ve corresponding to 9 G Z\ v \ 
consists of all T G E v such that 

(y,T) = ©A e k*,n>i(^(n),T £ (A))®^^©©^ m (V>,T e )® e °^ 

in C e . For any 9 G ^|v"|> the complex 

(a) /C(E^,Q«)^ 

is well defined. It is up (to shift) an orbital complex on £y with its natural Gy- 
action. Since the only Gy-equivariant irreducible local system on E v g is Q; we see 
that any orbital complex on E v is (up to shift) of the form (a) for a well defined 
9. 

Let a G V\v\- Define a G Z\ v \ by a = a, a\ = for A G k*. Note that the 
GV-orbits contained in the nilpotent variety Ey° are exactly the subsets E v & for 
various a G V\y\- 

1.4. Let V G C be such that V = v® s for some s G N. We fix A G k*. Let 
7J = {S G S m = A}. For S G D let S 1 = {iV G iVS = iVS}. Clearly, the 
map 

{{S,N);S e D,N e S} ^ E^ x , (S,N)^S + N 

is a bijection. Let 91 = {/ G End(Vb);/ nilpotent}. For any S £ D we define 
a bijection 9t-^>£ by = iV^ where N(S h v) = S h+1 k(v) for u G Vb, 

ft6 [0, m - 1]; we then have also N(S h v) = S h+1 k(v) for v G V , h G N. The 
inverse bijection is N i— > k where k(vo) = 5 ,_1 A^(fo) for i>o £ ^b- We see that 
we have a bijection -u : D x 91 i?y A given by (S, k) h- > S 1 + iVs iK . Now let S 
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be the set of all (T, /) where / = (0 = V° C V 1 C V 2 C . . . C V s = V) is a 
sequence of subobjects of V such that V^ jV^~ x = v for j G [1, s] and T G E v is 
such that T(y J ) C U- 7 for j G [1, s] and the element of E yj / v ,-i induced by T is 

in Ey* / V j-i- This is a smooth irreducible variety. Let So be the set of all (k, /q) 

where /o = (0 = V° C V 1 C V 2 C . . . C V s = Vq) is a sequence of subspaces of 
V such that dim(V J 7V i_1 ) = 1 for j G [1, s] and « G 91 is such that n{V j ) C V- 7 ' 
for j G [1, s]. We define an isomorphism u' : D x So — * S by (S 1 , (k, fo)) h- > (T, /) 
where T = £ + iV SiK and / = (V J ) with U^' = S h (V j ) for /i = 0, 1, . . . , m - 1. We 
have a commutative diagram 



DxS 



So 



91 



92 



93 



Dxm 



where gi(T, f) = T, g2(S, (k, fo)) = (S, k), gs(K, fo) = k and a, a' are the obvious 
projections. It is well known that gs\ Qi = (B P en s Pp^ Np [d] where P p are simple 
mutually nonisomorphic perverse sheaves on 9t and d G Z. Using the fact that 
the right square in the diagram above is cartesian and a is smooth with connected 
fibres we deduce that g<z\ Q; — @ P en a P' p ® Np [d'] where P' p are simple mutually 
nonisomorphic perverse sheaves on S x and rf' 6 Z. Using the fact that u, u' 
are isomorphisms we deduce that gv.Qi = (B P en a P p ® Np [d'\ where P' p ' are simple 
mutually nonisomorphic perverse sheaves on E v x and d! is as above. 

1.5. Assume that V G C, U 1 , U 2 , . . . , U s G C are such that U 1 ®U 2 ®. . .®U S = V. 
We have a diagram 



E 



u 1 



x E[j2 x ... x Efjs 



E" ^> E e 



v 



with the following notation. 

E" is the set of all pairs (T, /) where / is a sequence (0 = V° C V 1 C U 2 C 
... c U s = V) of subobjects of V such that V j /V^ 1 = W for j G [l,s] and 
T G E v is such that TV 3 C U J for all j G [1, s]. £" is the set of all triples (T, /, 0) 
where (T, /) G (with / = (U 7 )) and = (<pj) is a collection of isomorphisms 
(f>j : V J /Vi- 1 W for j G [l,s\. We have pi(T,f,<f>) = (Tj) where 7} G £^ 
is obtained by transporting the element of Ey j ^ vj _ 1 induced by T via <pj for 
j G [l,s]. We have p2(T,f,(f>) = (T,f), P3(T, f) = T. Note that ps is a proper 
morphism. 

Let ICj be a Gjyj-equi variant perverse sheaf (up to shift) on E^ Jj (j G [l,s]). 
Then MjKj is a JT . G[/j-equivariant perverse sheaf (up to shift) on f| . -E 1 ^ . Since 
Pi is a smooth morphism with connected fibres, K' := pl(MjKj) is a IX/Gl^ - 
equivariant perverse sheaf (up to shift) on E' . Since P2 is a principal Ylj^u^~ 
bundle there is a well defined perverse sheaf (up to shift) K" on E" such that 
p*K" = p\KJ. We set Ind^/C,) = p 3! /C" G Z>(£^). 
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1.6. We preserve the setup of 1.5. We fix A G k*. Assume that U 3 = v for j G 
[1, s}. For j G [1, s] let K, = IC{E$, Qi) E *.. Let S be the set of all (T, /) G E" 
such that the following holds: / = (V j ) is such that for j G [1, s], V 3 /V 3 ' 1 = U 3 
and the element of E yj ^ yj _ 1 induced by T is in E y x j yj _ 1 . This is a closed smooth 
irreducible subset of E" . From the definitions we have K." = IC(S,Qi)e"- We 
have p 3 (S) C P^\ From 1.4 we see that 

indH/c.o-e^p;®^^] 

where P^' are simple mutually nonisomorphic perverse sheaves on E v with support 
on Py A and d' G Z. The perverse sheaves P^' are Gy-equivariant. Since the 
number of Gy-orbits in E y x is equal to $(1Z S ) we see that the P' p ' are precisely the 
orbital complexes on E v with support contained in E y x . 

1.7. We preserve the setup of 1.5. Assume that s = t + 1 where £ G N. Assume 
that U 3 ^ v for j_ G [l,t] and a G P ap is suc h that \U S \ = \a\. For j G [l,t] 
let /Cj = 7C({0},Qi)s« • Let /C s = IC{E^T-, Q/)i^ s . Let 5" be the set of all 
(T, /) G P" such that the following holds: / = (V 3 ) is such that V j /V 3 ' 1 = U 3 
for j G [1, s] and the element of E yj j yj _ 1 induced by T is if j G [1, t] and is in 
E ya j Vs _ 1 - if j = s. This is a locally closed smooth irreducible subset of E" . From 
the definitions we have K," = IC(S", Q/) e" ■ We havep3(<S"') C E yo . Since P yo is 
closed in E y we see that p 3 (S") C P^°. Thus supp(Ind(K J /C j )) C E^°. Moreover, 
since p 3 is proper, Ind(Klj/Cj) is isomorphic to © e e[i,M]-feMe] where P e are simple 
Gy-equivariant perverse sheaves on E y with supp(P e ) C E y ° and <i e G Z (we use 
the decomposition theorem). Let 3^,<r be the set of isomorphism classes of simple 
perverse sheaves on E y that are isomorphic to P e for some e G [1, M]. 

1.8. We preserve the setup of 1.5. Assume that s = t + 1, t G N. Let 6 G -Z|y|- 
Assume that for j G we have = 0\1 where Ai,A 2 ,...,A t are distinct 
elements of k* and \U S \ = \9\ a \ (we set X s = 0). Note that 9\ = for any 
A i {Ai, . . . , A s }. For j G [1, s] define 9 3 G by 0> . = 9 Xj , 9{ = if A ^ A'. 
Let = P^-j ej , a G^/j -orbit in P^ ; let Kj = IC(Sj, Q/) # e . Let 5"' be the set of 

all (T, /) G P" such that the following holds: / = (V 3 ) is such that V 3 /V 3 ' 1 ^ U 3 
for j G [1, s] and T G E y is such that for j G [1, s], the element of E yj ^ V j_ x induced 
by T belongs to E yj ^ yj _ 1 0j . We have K" = IC(S", Qi)e"- Let S be the set of 

all T G Py such that for j 6 [1, s] we have Vr \ = U 3 and the element of E y 

' J _ T ' x j 

induced by T belongs to E y ej . Note that S = E yg . For any T £ S (closure of 

S) the fibre p% (T) consists of exactly one element, namely (T, /) where / = (V 3 ) 
is given by V 1 = Vt,\ i: V 2 = Vt,\ x ® Vr t \ 2 , etc. More precisely, p s defines an 
isomorphism S" S. We see that Ind^/C,) = IC(E y e , Qi) E - v - 



STUDY OF ANTIORBITAL COMPLEXES 



9 



2. Cyclic quivers and antiorbital complexes 

2.1. We preserve the setup in 1.1. If V G C, we have a perfect bilinear pairing 
Ey x Ey e -> k given by (T, T") = tr(TT',V); it is compatible with the G v - 
action. We use it to identify Ey e with the dual of E v . Hence the D-F transform 
5 : D(E V ) — > T>(Ey e ) is well defined. In particular the notion of antiorbital 
complex on Ey e is well defined; it is a complex of the form #(/C) where K, is an 
orbital complex on E v (with respect to the GV-action) . 

2.2. Define h : (k*) m -> k and h! : (k*) m -> k* by 

x 2 , • • • , x m ) = x 1 + x 2 H h x m , h'(x 1 ,x 2 , ■ x TO ) = xix 2 • • • ^m- 

Then the local system £^ on (k*) m is defined (see 0.7). According to Deligne [D, 
Thm.7.8, p.221], the complex £ m := h'C h [m — 1] G P(k*) (a sheaf theory version 
of a family of generalized Kloosterman sums) is a local system of rank m on k*. 
(The rank 1 local system $} is of Artin-Schreier type. The rank 2 local system 8? 
is implicit in Weil's paper [W].) 

Assume now that V G C, V = v. Let A G k*. Let K = IC(E^ X ,Qi) Elr . 
Note that a* x (£. m ) is a local system of rank m on -E 1 ^ 6 '* (ot\ as in 1.1). Let 
K! = IC(Ey e ,al(& m )) E -.. We show: 

(a) K'[m] ^${K)[m- 1]. 

Since £(/C) [m — 1] is a simple perverse sheaf on Ey e it is enough to show that 

Wtm-illv^^Hlv' 

in V(Ey £ '*) or equivalently that 

<yii(^Qi <8> £ (,) )[m][m - 1] = o^(£ m )[m] 

where 5i : i?y A x -Ey 6 '* — * Ey X : 5[ : Ey X x Ey C '* — » Ey e '* are the projections and 
the restriction of (, ) to Ey X x Ey C '* is denoted again by (,). Thus it is enough 
to show that = a\h\C h . We can assume that V = v. Then Ey X can be 

identified with /i /_1 (A), Ey e '* can be identified with (k*) m , (, ) can be identified 
with the map 

h" : h'~ 1 (X) x (k*) m — > k, ((xi, . . .,x m ), (yi, . . .,y m )) i-> xiyi H h x m y m , 

can be identified with 5" : /i /_1 (A) x (k*) m — * (k*) m (second projection) and 
a\ can be identified with 

a' : (k*) m — > k*, (zi, . . .,z m ) h-> Azi . . .z m . 

Define j : /i /_1 (A) x (k*) m -> (k*) m by 

j((x u . . . , x m ), (yi, . . . , y m )) = (xiyi, . . . , x m y m ). 

It is enough to show that a'*h[h* = 8"h"* . Since /i" = hj it is enough to show 
that a'*h'h* = 5"j*h*, or that a'*h\ = 5''j*. This follows from the fact that the 
diagram consisting of a', h', 5" 7 j is cartesian. 
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2.3. Let V eC. Let a G V ap ,t G N be such that \V\ = \a\ + tl. Let E~^ a be 
the set of all T G Ey e such that #(<S T ) = *, V T ,\ — v for A G St and °T G Ey^ o - 
(°T as in 1.1). Note that i?^ CT is a locally closed, smooth, irreducible, Gy-stable 
sub variety of Ey £ . We define a finite principal covering ( : Ey\ a — > Ey \ a as 
follows. By definition, Ey\ a is the set of all pairs (T,uj) where T G Ey\ a and 
a; is a total order on S(T). The group of this covering is & t (it acts freely in an 
obvious way on Ey \ a . The map £ is (T, to) i— > T. 

2.4. Let V = V ap x K. For z/ G N J let = {(a, p) G V; \a\ + pl = v}. We define 

a map ^ — > "P^ by (a, p) i— > <r where cr(/?) = a((3)+p(b — a) for any (3 = a,b E A m . 
Note that: 

(a) t/iis map is a bijection. 

The inverse map is a i— > (a, p) where p G 7£ is defined by 

p(n) = min /3= ^ eAn . 6 _ a=n cr(/?) 
and a G "P ap is defined by <r((3) = 5"(/3) — p(b — a) for any (3 = a, 6 G »4 m . 

Let Z be the set of all collections n = (7r A )> ek where n x G 1Z for A G k*, 
n° e V are such that 7r A = for all but finitely many A G k*. For v G N 7 let 
Z„ = {7T G Z; X^Aek* ^L^ 1 + I 71 " ! = v s- For 7T G Z and A G k we define n x G TZ by 
7ta = 7r A if A G k*, 7r = p if A = and 7r° = (a, p). 

Assume that we are given a collection of bijections 

(b) $ n , A : ft n ^ K n (A G k*, n G N), : TV ^ TV J>' G N 7 ). 

Such a collection exists by (a). We define a bijection $ : Z Z by (6\) i— > (7T\) 
where 7r A = $ n) A(#A) for A G k* (here n = 9\) and 7r = \EV'(6> ) (here z/ = |0 O Q- 
This restricts for any v G N 7 to a bijection 

(c) $ H : Z„ ^ Z„. 

2.5. Let V £ C and let z/ = |V|. Let 7r G -Zj,. Let 2 = X\ek* EA- We nave 
7T° = (a, 7r ) G V where a G P ap and |V| = \a\ + zl. We associate to n a finite 
unramified covering £ : 'Ey £ z a — > E 1 ^!, ct as follows. By definition, 'Ey £ z a is the 

set of all pairs (T,g) where T G Ey e z a and g : S(T) — » k is a map such that 
tt(^ _1 (A')) = 7[v for /' G k. We define f by (T, h-> T. Note that for T G £^ >(T 
we have 

it(r 1 (T)) = ^(n^ ! )- 1 - 

A'ek 

Let L be the local system of rank m z ~^- on 'Ey e za whose stalk at (T,g) is 
^\es T ,g(\)^o&T g (\)- We define a finite principal covering C : " E v%,a ~> >E v*z,* as 
follows. By definition, "Ey e z a is the set of all triples (T, g, u) where (T, g) G ' Ey z a 
and a; is a collection of total orders on each of the sets (7 _1 (A') (A' G k). The group 
of this covering is Q := rL'ek ®^a' • acts f ree ly m an obvious way on "-E 1 ^!, CT .) 
Let £ be the local system on ' Ey e z a associated to the principal covering £ and the 
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irreducible representation My^Tl^^, of Q. (The rank of £ is EL'sk^v) Let 
£ n = £i(L <g) £ ), a local system on i?^!, ct of rank 

A'6k A'6k 

Hence the complex 



(a) JC(^ ><T ,^) B -. 
is defined. 

In the following theorem we assume that the characteristic of k is sufficiently 
large. (The reason is explained in 2.9.) It is likely that this assumption is unnec- 
essary. 

Theorem 2.6. Let V EC. Let v = \V\. 

(a) For any n G Z v , the local system £ n on Ey\ a (notation of 2.5) is irreducible. 

(b) There exists a bisection Z v —> Z v as in 2.4(c) such that if 9 G Z v and 
tv G Z v is the corresponding element under this bisection, then 

WC{MToAi)e^]) = ic(E^x a ,£ n ) E -^}- 

The proof will occupy much of the remainder of this section. We see that 
the complexes 2.5(a) for various n G Z v are (up to shift) exactly the antiorbital 
complexes on Ey £ . 

2.7. We preserve the setup of 1.5. Note that for j G [l,s], is a G V j- 
equivariant perverse sheaf (up to shift) on E^. Hence Ind(Klj(5 r (/Cj)) G V(Ey e ) 
is defined. We have: 

(a) S(Ind(^-)) = Ind(% (£(£,))[?] in V(E~*). 

This is proved in [L2, 5.4] assuming that m > 2 and s = 2; the proof for the case 
when m > 2, s ^ 2 is similar to that for m > 2, s = 2 or can be deduced from 
the case s = 2 by repetition. The proof for m = 1 is identical to that for m > 2. 
(Alternatively, (a) can be deduced from Theorem A. 2 in the Appendix.) 

2.8. We preserve the setup of 1.5 but we replace e by — e. We fix A e k*. Assume 
that /J J = v for j G [1, s]. Let a\j : E^'* — > k* be the map a\ of 1.1 with V 
replaced by UK Let Kj = IC(E~f, a* X j & m ). Let S" be the set of all (T, /) G E" 
such that the following holds: / = (V^) is such that for j G [l,s], V-'/V- 7 ' -1 = 

and the element of E vj ^ vj _ 1 induced by T is in E~ e j 'J V:j _ 1 . This is an open 
dense smooth irreducible subset of E" . Define a : 5"' — > (k*) s by a(T, f) = 
(a 1 X,a 2 X, ...,a a A) where T m = a d on V'/V*- 1 . Let C" = a*((£ m ) Hs ), a local 
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system on S". We have K" = IC(E", C"). Let S be the set of all T G E~ e such 
that tt(5r) = s and U t ,a = v for A G <S t . (Thus, 5 = ^ e s>0 ' see 2 - 3 -) This is 
an open dense subset of Ey £ . Also p 3 ~ 1 (S) is an open dense (hence irreducible) 
subset of S"; let p' 3 : p 3 1 (S) — > S be the restriction of p%. We have an isomorphism 
u : Ey* sfi P3 (notation of 2.3) given by (T, w) ^ (T, /) where / = (V J ) is 

defined by U 1 = Vt,Ad ^ 2 = ^t,Ai©^t,a 2 ) etc Here Ai, A 2 , . . . , A s are the elements 
of S(T) arranged in the order given by lo. Under the isomorphism u, the map p 3 
becomes the map £ in 2.3 hence is a finite principal covering whose group is & s . 
Thus p'yQi = ® pe ii s (£ p )® Np as local systems on S where C p is the local system 
on S associated to p' 3 and the irreducible representation H p of <5 S . Note that 
the local systems C p , p G 7£ s , are irreducible and mutually nonisomorphic (by the 
irreducibility of p 3 (S)). Define a : S — > (k*) s /(5 s by a{T) = (a±X, a^A, . . . , a s A) 
(unordered) where aj G k* are the scalars such that Vt,^ 7^ 0. Let L be the local 
system on (k*) s /& s whose inverse image under the obvious map (k*) s — > (k*) s /6 s 
is (£ m ) Hs . Let L = a*(L), a local system on S. We have C"\ p -i {s) = p'^L. Hence 

Ind^/C^ls =pWs^) =L®PnQi = ® P eK.L®(£T Np - 

By 2.2, for j G [1, s], our /C,- is (up to shift) the D-F transform of /C, in 1.6. Using 
2.7 we deduce that our Ind(Klj/Cj) is (up to shift) the D-F transform of Ind(Mj)Cj) 
of 1.6. Hence 

with P" as in 1.6 and d G Z. Note that P^' are simple mutually nonisomorphic 
perverse sheaves on i?^ e . Restricting to S we obtain 

(a) © P6 *.L ® (CT Np = ® P enJ(P' p ')\T P [d] 

in V(S). It follows that for each p, 3(P p )\s[d] is a local system on S (possibly 
zero). Let 1Z' S be the set of all p G 1Z S such that 3(P p )\s[d] 7^ 0. Since S is 
open dense in Ey e , $(P p )\s[d] (p G 1Z' S ) are irreducible mutually nonisomorphic 
local system on S. Thus in (a), the right hand side is a direct sum of 'Ylpe'R' ^p 
irreducible local systems while the left hand side is a direct sum of J2 P en s ^p 
nonzero local systems. This forces 1Z S = 1Z' S and that each L®£ p is irreducible. If 
p 7^ p' then L ® C p j£ L <g> C p ; otherwise the number of nonisomorphic irreducible 
local systems which appear in the left hand side of (a) would be < §(7Z S ) while the 
analogous number for the right hand side of (a) would be equal to §(1Z S ). We see 
that there is a unique permutation p 1— > p' of 1Z S such that $(P p )\s[d] — L <g> C p 
for any p G TZ S . It follows that $(P' p ') ^ IC(Ey e , L <g> Thus the D-F 

transforms of orbital complexes on E v with support contained in Ey are exactly 
the complexes of the form IC(Ey e , L<S>C p ') E -e [?] for various p G 1Z S . The bijection 
1Z S — ■> 7£ s , p 1— > p' is denoted by $ S) a- 
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2.9. Let V G C. Combining two results [L2, 10.14], [L3, 5.9] in the theory of 
canonical bases, we see that 

(a) the collection of simple perverse sheaves IC(E V -, Qz)_e^ [?], (o~ G V^y^) is 
mapped bijectively by $ onto the collection of simple perverse sheaves 

IC{E^Ai) E -A% (<reV^). 
(Both collections index the canonical basis in degree \ V\ of a certain algebra asso- 
ciated to affine <SX 2 . Note that in [L3] the arguments are in characteristic and 
they imply what we need only in sufficiently large characteristic.) 

It follows that there exists a bijection a t— > a*, V?y, —> V?y, such that 



(b) WC{E v ^Ai)e^\) = IC{E-%*Ai) E ^] 

for any a G V\y\ . 

2.10. Let V G C. Let K = IC({Q},Qi) E * v , K! = Qi = IC(Ey £ ,Qi). From the 
definitions we have ^(/C) = K,'[n] where n = dim Ey e . 

2.11. We preserve the setup of 1.5 but we replace e by — e. Assume that s = t+ 1 
where i 6 N. Assume that £P, a are as in 1.7. Let a* G V^ s \ be as in 2.9. For 

j G [l,t] let Kj = Qi G V{E-]). Let K a = IC(E^,Qi) E -e, (a* as in 1.3). 

Let S" be the set of all (T, /) G E" such that the following holds: / = (V j ) is 
such that V" J '/V J--1 = for j G [1, s] and the element of EyJ ys _ 1 induced by T 

is in EyJ Vs _ 1 _». This is a locally closed smooth irreducible subset of In our 
case the complex K." of 1.5 is K" = IC(S", Qi) E "- Let S = Ey* a *, see 2.3. Now 
p^ 1 (S) is an open dense (hence irreducible) subset of S"; let p' s : p^ 1 (S) — » S be 
the restriction of ps. We have an isomorphism u : Ey\ a * —> p^ 1 (S) (notation 
of 2.3) given by (T, u>) h-> (T, /) where / = (V*) is defined by V 1 = V TiXl , V 2 = 
^r,Ai © ^t,a 2 ) e tc- Here Ai, A2, . . . , A t are the elements of S(T) arranged in the 
order given by uj. Under the isomorphism u, the map p' 3 becomes the map £ in 2.3 
hence is a finite principal covering whose group is &t- Thus p 3! Qz — ® P en t {C> p )® Np 
as local systems on S where C p is the local system on S associated to p r 3 and the 
irreducible representation Ii p of & t . Note that the local systems £ p , p G 1Z t , are 
irreducible and mutually nonisomorphic (by the irreducibility of p 3 1 (S)). Since ps 

is proper, we have P3(S") = P3(p 3 1 (S)) = Pzip^ 1 (S)) = S where - denotes closure. 
Hence supp(p3!/C") C S. 

By 2.9(b), 2.10, for j G [1, s], our K.j is (up to shift) the D-F transform of JCj in 
1.7. Using 2.7 we deduce that our Ind(Klj/Cj) is (up to shift) the D-F transform 
of Ind(Bj/Cj) of 1.7. Hence Ind^/C,) = p 3] IC" is isomorphic to © ee [i,M]5( J P e )[<] 
where P e are as in 1.7 and d' e G Z. Note that $(P e ) are simple perverse sheaves 
on Ey e with support contained in S. Restricting to S we obtain 

® peUt {CT Np = ®ee[l,M]$(Pe)\s[d' e ] 
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in V(S). It follows that for any e, #(P e )|,s[<ig] is a local system on S (possibly 
zero). Since supp(5 r (P e )) C S we see that 5(-P e ) \s[d' e ] is either an irreducible 
local system on S or is 0. We deduce that $(P e )\s is either or is isomor- 
phic to C p [— d' e ] for a well defined p G 1Z t . Hence either supp(^(P e )) C S — S 
or $(P e ) — IC(S, £ p ) E - e [?]. Conversely, we see that for any p e 7Z t we have 

IC{S, C p ) E -e [?] = $(P e ) for some e. Let X tj(T * be the set of isomorphism classes 

of simple perverse sheaves on Ey e that are isomorphic to $(P e ) for some e G [1, M]. 
Let X' t * be the set of isomorphism classes of simple perverse sheaves on Ey e that 
are of the form IC{S, C p ) E - e [7] for some p G 1Z t . We see that 

(a) f(^) = f(^,)<t(V). 

Let y' t cr be the subset of y t , a (see 1.7) which corresponds to the subset X( a * under 
the bijection 

(b) y t ,*^Xt,o*- 

induced by Then 5 defines a bijection 
We show: 

(d) if £,£ G N and a, a G "P ap are such that |V| = \a\ + tl = \a\ + tl and 
(t, a) ^ {t, a), then X{ >a . n = 0. 

It is enough to show that -E 1 ^ ^ n E~ e ~ = 0. This is clear from the definition. 
Applying the inverse of 5 we obtain: 

(e) in the setup of (d), we have y' ta fl y'~ _ = 0. 

Let i/ = |V|. Let X be the set of all (t, a) G N x V ap such that |a| + tl = v. We 
have 

m) > m*,*)exy*,*) * l(U M a^) = E KX,*) 

(t,cr)€X 

(f) = E ««*•)= E tt(^t) = tt(^) = tt(^). 

(t,cr)€X (t,cr)eX 

The first > follows from the fact that each y ti(7 consists of simple perverse sheaves 
of the form IC(E V & , Qi)e^ [?] with a G TV The second > follows from the 
inclusion y' t - C 3^,5- • The first = follows from (e). The second = follows from (c). 
The third = follows from (b). The fourth = follows from definitions. The fifth = 
follows from 2.4(a). It follows that each inequality in (f) is an equality. 

In particular we see that any simple perverse sheaf of the form IC(E V —, Q/) [?] 
with o\ G V v belongs to y' t for a unique (t, a) G X. Hence any simple per- 
verse sheaf of the form $(IC(E V —, Qi)e v [?]) with G\ G V v belongs to X' t (J * for 
a unique (t,a) G X. In particular it is of the form IC(Ey e t fT *, C p ) E -e [?] for a 
unique (a*, p) G V\v\, t = p. 

Since tt(^) = ^(Pu), see 2.4, we see that there exists a unique bijection ^/^ : 
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V v ^ V v , a' i— > a', such that 



(g) WC{E^,Ai)E* v m) = IC{EyX^W) E - e [l] 

for any a' G V v \ here a' = (cr*, p), t = p. 

2.12. We preserve the setup of 1.5 but we replace e by — e. Assume that s = t+ 1, 
t G N. Let Ai, A 2 , • • • , A s , 0, t/ J ' be as in 1.8. Let v = \V\. Let $(„) : Z v Z v 
be the bijection associated in 2.4 to the collection of bijections <& n ,\ (as i n 2.8) 
and (as in 2.11). Let 7r = $(„)(0) G Z^. For j G [1,£] let dj = Tc Xj . Let 

>Sj = E~j d Q , see 2.3. Let Lj be the local system on Sj defined as L in 2.8 (with 

V, s, A replaced by LP, dj, Aj). Let £ 7fA ^ be the local system on Sj defined as C p in 
2.8 (with V, s, A, p replaced by U j , d j7 A J7 A ). Let /Q = IC(E~f, Lj <g> /7 A i )„_.. 

By 2.8, this JCj is (up to shift) the D-F transform of the JCj in 1.8. We write 
n x s = n o ag e V a P x n Let d s = p. Let S s = E~ e s4s (r . Let be the 

local system on S s defined as C p in 2.11 (with V, £, p replaced by L/" s , <i s , 7r ). Let 

K a = IC{E^T^, C^) E - t . By 2.11, this K s is (up to shift) the D-F transform of 

the K, s in 1.8. 

Let S" be the set of all (T, /) G E" such that the following holds: / = (V 3 ) 
is such that V j /V j ~ l = U j for j G [l,s] and T is such that the element Tj of 

^Vi/vi-i induced b y T is in E vhvi-\d 3 ,o ( if J G M) and in E V/V*,d s ,a ( if 
j = s). This is a locally closed smooth irreducible subset of E" . We define a 
finite principal covering (" : S" S" as follows. By definition, S" is the set 
of all triples (T,f,oj) where (T, /) G 5"' and to = (ujj) is a collection of total 
orders Uj on 5 (Tj) (j = 1, . . . , s). The group of this covering is Q = Ylje[i s] ® d i 
(it acts freely in an obvious way on Ey e ta ). The map (" is (T, /, a>) i— > (T, /). 

Let £ be the local system on 5"' associated to the principal covering £" and the 
irreducible representation M\/ e \JI n , of Q. Let L" be the local system on S" 
whose stalk at (T, /) is Kl je [ l t ] KUes^ ^\\.- In our case the complex K," of 1.5 is 

K." = IC(S", L" <g> 5) s - e . From 2.7 we see that our Ind(&,/C,) = p 3! /C" is (up to 
shift) the D-F transform of Ind^/C^) = IC(Efo, Qi)e* v of 1.8. 

Let z = J2je[i s] n *j- Let S = Ey £ z CT , see 2.3. Now 1 (5') is an open dense 
subset of 5"'; let p' 3 : p 3 1 (S) — > S be the restriction of ^3. We have an isomorphism 
u : 'Ey £ z a —> p 3 1 (S) (see 2.5) given by (T,g) 1— > (T, /) where / = (V J- ) is defined 
by 

V 1 = ®\£g- 1 (\ 1 ) V T,\- l V 2 = ©Aeg-^AOUp-^Aa) 1 ^^, etc. 

Under the isomorphism u, the map p' 3 becomes the map ^ of 2.5. Since ^3 is 

proper, we have Ps(S") = Psip^ 1 ^)) — P3(P3~ 1 (5')) = S where ~ denotes closure. 
Hence supp(ps\IC") C S so that ps\lC" is completely determined by its restriction 
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to S. Since p3\K,"[l] is the D-F transform of a simple perverse sheaf, it is itself a 
simple perverse sheaf. We have 

( P sX")\s = j&((L" ® S) V - US )) = 6(L ® £) = E v 



(notation of 2.5). We see that pyX" = IC{Ey e za , £ V ) E -*. Thus IC(Ey^ a , £*) E -e 

is (up to shift) the D-F transform of IC(E V ,Qi)e c ■ This forces S n to be an 
irreducible local system, proving 2.6(a); 2.6(b) follows as well. 

2.13. We state a converse of 2.9(a). Let V G C. Let v = \V\. Let /C be a 
GV-equivariant simple perverse sheaf on E y . 

(a) The following three conditions on JC are equivalent: 

(i) supp(/C) is contained in the nilpotent variety and supp(#(/C)) is contained 
in the nilpotent variety; 

(ii) K, is biorbital. 

(m) K * IC(Ey~-, Q,)^ [?] for some a G V? . 
(This gives a new characterization of the perverse sheaves which constitute the 
canonical basis [L2] associated to a cyclic quiver.) 

Let Si (resp. S 2 or S3) be the set of /C (up to isomorphism) as in (i) (resp. as 
in (ii) or (hi)). From 2.9(a) we see that £3 C Si. From 2.11 we see that 

tt(5i) = #((a*, p) G A,; p = 0} = %{V7) = tt(5 3 ). 
It follows that Si = S3. 

Clearly, Si C S'2. Assume now that /C G S2. If supp(/C) is the closure of a 
non-nilpotent orbit then from 2.12 we see that the support of #(/C) is a closure of 
a subvariety of the form Ey £ z a where z > 0, a G V ap ; in particular, the support of 
3"(/C) is not the closure of a single orbit so that #(/C) is not orbital, a contradiction. 
Thus, supp(/C) is the closure of a nilpotent orbit. The same argument shows that if 
supp(#(/C)) is the closure of a non-nilpotent orbit then $($(JC)) is not orbital hence 
K, is not orbital, a contradiction. Thus, supp(#(/C)) is the closure of a nilpotent 
orbit. We see that /C G Si. Thus S'2 C Si hence Si = S 2 . This proves (a). 

2.14. Let V G C. Let v = \ V\. Assume that we are given an F 9 -structure on each 
Vi. Then E v inherits an F g -structure and for each a G V Vl the subset E v - of E v is 
defined over F q . Let U = E v (F q ). Then the dual space U* can be identified with 
Ey"(F q ). For aeVu let U a = E v -(F q ), U* = E^-(F q ); we define f a : U — Qz, 

f' a :U* Qi as follows. If x G U D £|T7 (resp. x'ef/*n we define / CT (x) 

(resp. f' a {x')) as the alternating sum of the traces of the Frobenius map on the 
stalks of the cohomology sheaves of IC(E V -, Q/) (resp. IC{Ey e ~, Qi)) at x (resp. 
x'); if x G £/ - E|T7 (resp. x' e U* - Eyt) we set f a (x) = (resp. /^(a;') = 0). 
Note that (fa)aev„ (resp. {f' a ) a ^.-p v ) is a Q;-basis of the vector space T (resp. 
T') of functions t/ — > Qz (resp. LZ* — > Qz) which are constant on the orbits of 
Gy(F g ) and vanish on non-nilpotent elements. 
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For any (cr, p) G V v we define a function f" : U* — * Qi as follows. Let 
t = p. If x G U* fl ^ we define f" :P (x) as the alternating sum of the traces 
of the Frobenius map on the stalks of the cohomology sheaves of IC{Ey\ a ,£ p ) 
at x; if x G U* — Ey\ a , we set f" jP (x) = 0. We have a partition Ey\ a (F q ) = 
U g Ey e t a (F q ) g (g runs through the conjugacy classes in St) where Ey e ta (F q ) g 
is the set of all T G -Ey ^ CT (F g ) such that the action of Frobenius on St is by a 
permutation of type g. Clearly each Ey\ a (F q )g is nonempty. From the definitions 
for any T G Ey^ a (F q ) we have f£ p (T) = tr(#,n p ) where g is defined by T G 

From 2.11(g) we see that there exists a bijection V v —> V v , a' i— > 6"', such that 
for any a' G "P^ we have f a t = b a 'f"* p where (cr*, p) = a' and b a > G Q*. Moreover 
from 2.9(b) we see that we have a' G V® p if and only if (cr*, p) = a' satisfies p = 0. 

Let / G be such that / G J 7 '. We can write uniquely / = YlaeVu a °fv 
where a a G Q;. Assume that a a ^ for some a E V u — V® p . Applying Fourier 
transform we obtain / = J2( a ,p)ev„ a '<T, P f", P where a '<r, P G Q* and a ^o,Po G Qz* for 
some (cr , po) e ^ with p Q > 0. We can assume in addition that dim Ey^ ao > 

dimi?^ p CT for any (cr, p) G V v such that a^. p 7^ 0, p > 0. Let t = p Q . Then for any 
(cr, p) G P\, such that a' ap ^0 we have Ey e p a fl £ p aQ = unless p = £, cr = a . 
Since / G J 7 ' we have /| B -e = 0. Hence 

V,£ ,<T 

J2(a, p ) £ V„ a 'a,pfa,p\E-* tcTo =° 

and 

^pelZt a a {) ,pfa ,p\E-* t ctq = °' 

for any conjugacy class <7 in @ t . It follows that a' ao p = for any p ElZ t , contradict- 
ing a' ao po = 0. This contradiction shows that a a = for any s £ V u — V® p '. Thus 
/ is a linear combination of the functions f a , (cr G V„ v \ Conversely, if a G V^ p 
then from 2.9(b) we see that / CT = cf a * where cr* G "P" p and c G Q*. Thus we have 
f s G JF'. Thus any linear combination / of the functions f a , (cr G "P" p ) satisfies 
/ G JF, / g JF' and we have the following result. 

(a) The functions f a , (cr G P" p ) /orm a basis 0/ £/ie vector space of all functions 
f G smc/i. t/iai f £ T 1 . 

2.15. The results in 2.11 suggest a way to organize the nilpotent K-orbits in 
(in the context of 0.3) with £ ^ 1. (Here we assume for simplicity that all nilpotent 
elements in have connected isotropy group in K but a similar picture should hold 
in general.) Namely, each nilpotent iiT-orbit should be attached to a ^-stable Levi 
subgroup L of G up to K-conjugacy (such that $ acts on L^ er , the derived group of 
L, as an inner automorphism) and a biorbital complex /C on the £-part of the Lie 
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algebra of Ld er . Moreover, the nilpotent X-orbits corresponding to a given (L, K) 
should be such that the D-F transforms of the corresponding orbital complexes 
have the same support and they should be indexed by something similar to the 
irreducible representations of a Weyl group. Thus something like the "generalized 
Springer correspondence" should hold even though the small and semismall maps 
in the usual theory are missing in general. 

3. Further examples of antiorbital complexes 

3.1. Let G,Q,d,K,K be as in 0.3. We assume that the characteristic of k is 
sufficiently large. For £ G k* let g^ be as in 0.3. For any subspace V of g we 
set V ± = {x e g; k(x, V) = 0}. 

We say that •& : G — > G is inner if there exists a semisimple element go G G 
such that $(g) = gogg^ 1 for all g G G. 

For any parabolic subgroup P of G we denote by Up the unipotent radical of 
P and by P_,U_p the Lie algebras of P, Up. Assume now that $(P) = P. Then 
P = ©cek*£ c , Up = ®cek*Up, c wh ere P ( = P H g c , U PX = H P n fl C . 

Let ( e k*. Assume that $ is inner. Let A be a ET-orbit in the variety of 
^-stable parabolic subgroups of G (or equivalently a connected component of that 
variety). Note that A is a projective variety. Let X^ = {(x, P); P G X, x G P^}, 
X' c = {(x,P);P G A,x G U PX }. Define 7r c : A c -> 0C , ttJ : A£ -> 0C by 
(x, P) i— > x. We show: 

(a) ^( 7 r C! (Q0) = <_ 1! (Q / ))[?]. 

Here we view 5 as a functor V(g^) — > V(g^-i). We have a commutative diagram 



A, 



0C x 0c- 



0c- 



where 

S = {(x, x', P); P G A, x G P c , x' G C -i}, S = {(x', P); x' G fl C -i, P G A}, 
s, t are the obvious projections and 6, c, r, d are the obvious maps. Let t = tr : 
S — ■> Let : S — ■> k be (x, x', P) i— > k^(x, x'). We have 

S(tt C! (Q ; )) = *!(r,(Q,) ® = *!(£*')[?] = ^!C!(/: K ')[?]. 

We have a partition S = SoUSi where So is defined by the condition that x' G U_p- 
Let ci : Si — > S be the restriction of c. We show that 

(b) Cl! (£ K ')=0. 
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The fibre of c\ at (x', P) is P_ ( -. The restriction of k! to this fibre is the linear map 
x i— > k(x,x'). It is enough to show that this linear map is not identically zero. 
(Assume that k(x, x') = for any x E P^ that is, x' E (P_^) ± . Since x' E 
we have automatically x' G (P^)' L for (' ^ ( hence x' G Pj 1 . Hence x' G U_ P a 
contradiction.) This proves (b). 
From (b) we deduce 

d\c\(C K ') = diaja*C K ' = t !(£ K '|~ ) 

where j : So — > S is the inclusion and to : So — > is (x, x', P) 1— > x'. Now 

to is a composition S — * -X^-i > fl^-i (the first map, (x,x',P) 1— > (x',P), 

is an affine bundle whose fibre at (x',P) is isomorphic to P^, a vector space of 
constant dimension as P runs through A which is a if -orbit.) If (x, a/, P) G S 
then k'(x,x',P) = k(x,x'). This is zero since x E P_q and a;' G fTp. Thus 

* 0! (>C k '|ho) =*oi(Qi) =7rJ_ M (Qi)[?] and (a) follows. 

3.2. We preserve the setup of 3.1 and assume that d is inner. Let ( E k*. A 
^-stable parabolic subgroup P of G is said to be (-tight if P_q = U_p<^- I n this case, 
P is also C -1 -tight; indeed, we have 

HpX- 1 = £^ n s c -i = {x G g c -i ; k(x, P c ) = 0} 
= {x E C -i; n(x,Up jC ) = 0} = Up n = P c -i. 

Now let 

(a) X be a if -orbit on the variety of ^-stable parabolic subgroups of G such 
that some (or equivalently, any) P G A is £-tight. 

In this case we have A^ = A£, X^-i = A^_ x hence 7T£i(Qj) = 7r£,(Qj), 7r^-ii(Q/) = 
7r^_i,(Qi). Combining this with 3.1(a) we obtain 

(b) d(n (Qi)) = 3«,(Qi)) = <-i.(Q/)[?] = ^-mCQ,)!?]. 

Let £> be the variety of Borel subgroups of G. We show: 

(c) if B E B, d(B) = B and ( E k* - {1} i/ien B is (-tight. 
Let n = U_ B . Now $ acts naturally on P, n, P/n and we have an obvious direct 
sum decomposition P/n = ©£'gk* (B/ n )c'i moreover, (P/n)^ is the image of B_^ 
under P — > P/n. We can find a semisimple element go E G such that d = Ad(<7o)- 
Since d(B) = B we have go E B. Hence the centralizer of go in B contains a 
maximal torus of P. Hence B_ x contains a Cartan subalgebra f) of P. The image 
of \) under P P/n is on the one hand equal to P/n and on the other hand is 
contained in (P/n)i. Thus P/n = (P/n)i. It follows that (P/n)^/ = for any 
£' 7^ 1. In particular (P/n)^ = 0. Hence the image of P^ under P — » P/n is 0. In 
other words, P^ C n and (c) follows. 

From (c) we see that any A-orbit A on B^ (the variety of ^-stable Borel sub- 
groups of G) is as in (a) hence (b) is applicable to it. 
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3.3. We preserve the setup of 3.1 and assume that $ is inner. Let ( G k* — {1}. 
We define a collection 0^ of simple perverse sheaves on g^ as follows. A simple 
perverse sheaf A on g^ is said to be in 0^. if there exists a if -orbit X on E 6 such 

that some shift of A is a direct summand of ir^.Qi where tv^ : X^ g^ is defined in 
terms of X as in 3.1. Note that any object A of 0£- is if-equivariant and supp(A) 
is contained in g£ lZ , the variety of nilpotent elements of g^ (we use 3.2(b)). 

Note that if X is as in 3.2(a) and : X^ — > g^ is defined in terms of X as in 
3.1 then by the decomposition theorem, tv^Qi = ®hAh[dh] where Ah are simple 
perverse sheaves on g^ and dh G Z. We show that 

(a) Ah G 0£ for any h. 

Let X' be the variety of all B G B® such that B is contained in some (necessarily 
unique) P G X. Define j : X' — > X by B i— > P. Note that X' is a union of 
(finitely many) if -orbits X[,...,X' S on B#. Let Y, = {(x 7 B);B G X[;x G B ( }; 
define pi : Yi — > g^ by (x,B) i— > x. Let Y = {{x,B);B G G P^}; define 

p : Y — > g^ by (x,B) h- > We have F = Ll^y hence piQ; = ©iPiiQz. Define 
a : y -> X c by a(x,B) = (x,j(B)). For (x, P) G X c we can identify o- _1 (x,P) 
with {Be^;BcP} (if B G ^, B C P we have automatically £ G P c ; indeed 
we have a; G P^ = U_ p ^ c C/ B C P^). We see that a is a locally trivial fibration 
whose fibres are finite unions of flag manifolds hence a\Qi = (BjQi[2cj] where Cj 
are integers. We have p = rr^a hence p\Qi = ®jir^\Qi[2cj]. Hence A/J?] is a direct 
summand of p\Qi. Hence A h [?] is a direct summand of pv.Qi for some i. Thus (a) 
holds. 

Let A G 0^. It is known [V,§2, Prop. 2] that g™ is a union of finitely many 
if -orbits. It follows that A = IC(0, £) flc [?] where O is a if -orbit in gf\ O is the 
closure of O and £ is an irreducible if-equivariant local system on O. Thus A is 
an orbital complex on g^ with unipotent support. 

From 3.2(b) we see that 5 defines a bijection from 0^ (up to isomorphism) to 
0^_i (up to isomorphism). We see that 

(b) any object o/0^ is biorbital. Moreover 0^ C 0^ (see 0.6). 
We show: 

(c) 0^ is nonempty. Hence 0^ is nonempty. More precisely, there exists a 
K-orbit O in Q™ tl such that IC(O,Qi) 0( [?] G 0^ where Qi is viewed as a local 
system on O. 

It is well known that B s ^ 0. Let X be a if -orbit on B 9 . Define 7r^ : X^ — * g^ as in 
3.1 in terms of X. Note that Xq is vector bundle over X (whose fibre over B G X 
is B_q); in particular X^ is smooth irreducible. Hence tt^(X^) is an irreducible 
subvariety of g™ 1 (we use 3.2(b)). There is a unique if -orbit O in g£" z such that 
O is open in n^(X^). Let n = dim7r^~ 1 (x) for any x G O (note that ir^ (x) ^ 
for x G O). For x & O let S x be the set of irreducible components of dimension n 
of n^ 1 (x). We have a finite covering t : S O whose fibre at x G O is S^. Note 
that the 25-th cohomology sheaf JF of (n^\Qi)\o may be identified with t\Qi (we 
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ignore Tate twists). Hence it contains Q; as a direct summand. Since (tt^\Qi)\o is 
a direct sum of shifts of irreducible local systems on O it follows that some shift of 
Qz is a direct summand of (tt<;\Qi)\o- By the decomposition theorem, tt^Qi is a 
direct sum of shifts of irreducible perverse sheaves with support contained in the 
closure O of O. Hence some shift of IC(0, Qz) 0c is a direct summand of 7T£iQ;. 
This proves (c). 

From (b), (c) we deduce: 

(d) there exists a K-orbit O in g™ 1 such that IC(0, Qi) S( [?] belongs to O.^. 
Here Qi is viewed as a local system on O. 

Let V£ be the Q(t>)-vector space with basis given by the isomorphism classes 
of objects in H^. (y is an indeterminate). For any K-orbit X on B^ we set 
[X] = J2a j n A,j v ^ ^ (sum over A G up to isomorphism and j G Z) where 
tt^\Qi = Q)a jA[j] (tt^ : Xq — > g^ is defined in terms of X as in 3.1). We conjecture 
that: 

(e) the elements [X] (for various K-orbits X on B® ) generate the vector space 

This is known to be true in the case arising from a cyclic quiver (see [L2]) and also 
in the case where ( has large order in k* (see [L5]). 

3.4. We preserve the setup of 0.3 and assume that $ is inner. Let ( 6 k* - {1}. 
The following result is analogous to 3.3(d). 

(a) There exists a nonzero function f : g^(F q ) Q; (which is constant on each 
orbit of K{F q )) such that f vanishes on any non-nilpotent element of g^(F q ) and 
f : g^-i(F q ) — > Qi vanishes on any non-nilpotent element of g^-i(F q ). 
From the assumptions in 0.3, B^ has at least one F 9 -rational point. Hence it has 
some irreducible component X which is defined over F q . We have X(F q ) ^ 0. The 
morphism : X^ — > g^ in 3.1 restricts to a map t : X^(F q ) — > g^(F q ). Define 
k ■ 0c( F g ) - by f c (x) = ttC*" 1 ^))- We have / c (_0) = $(X(F q )) ^ 0. Thus 

7^ 0. From 3.2(b) we deduce f^ = cf^-i where c G Q z * and that f^ vanishes on 
any non-nilpotent element of g^(F g ); similarly, f^-i vanishes on any non-nilpotent 

element of g^-i(F g ). Hence f^ vanishes on any non-nilpotent element of 0^-i(F g ). 
Clearly, f^ is constant on each orbit of K{F q ). This proves (a). 

3.5. Assume that 2 ^ in k. Let V be a k-vector space of finite dimension 
N = 2n > 4 with a given nondegenerate symmetric bilinear form (, ) : V x V — > k. 
Let K be the corresponding special orthogonal group acting on V in an obvious 
way. For any A G k let Q\ = {x G V;(x,x)/2 = A}. Note that if A ^ 0, 
then Q\ is a single K-orbit in V; moreover Q — {0} is a single K-orbit in V. 
Also the isotropy group in K of any point in V is connected. For A G k* let 
K, x = IC(Q x ,Ql)v e V(V). We set JC = IC(Q ,Qz)v e V(V) where Q t is 
viewed as a local system on Q — {0}. We set IC' = /C({0}, Qi)v G V(V). Let 
V* = V — Qo, an open subset of V. For A G k* we define a\ : V* —> k* by 
ct\(x) = X(x,x)/2. We identify V with its dual via (, ). Hence £ : T>(V) -> V(V) 
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is well defined. The following result describes the antiorbital complexes on V. 

(i) $(JC X ) = IC(V, a^ 2 )[?] for any A G k*; 

(ii) S(/Co) = /Co[?]; 

(iii) 3«) = Q,[?]. 

Now (iii) is obvious and (ii) is proved in [L4]. We prove (i). It is enough to check 
this at the level of functions on the set of rational points of V over a finite field. 
We set k = F q . Let U be a k- vector space of dimension N = 2n > A with a 
fixed nondegenerate symmetric bilinear form ( , ) : U x U — > k which is split over 
k. Let A G k*. Define / : U -> Q; by f(x) = 1 if (x,x)/2 = A, f(x) = if 
(x,x)/2 ^ A. By 0.1, / : U -> Q/ is given by /(x) = E y6 c/ ; (y,y)=2A ^(^2/) 
for x <E U. We compute /(x) assuming that (x,x)/2 = X' ^ 0. We can find a 
2-dimensional subspace P of U such that x <E P and (, ) is nondegenerate, split on 
P. Let F' = {z 6 U; (z, P) = 0}. Note that (, ) is nondegenerate split on P'. We 
have 

f(x)=q~ n E *l>(x,p) 

peP,p'eP'-,(p,p)+(p' ,p')=2\ 

= Q~ n E W e p/ ; (PV) = 2A - (p,p))V(*,p) 

= ? - n ( E r-iir^ii + i^ri 

p6P;(p,p)=2A 

+ E r 1 ^-^?)) 

peP;(p,p)/2A 

E ii(x,p) + q- 1 (q n -l)J2ifj(x,p). 

peP;(p,p)=2\ pEP 

The last sum is since p h- > ip(x,p) is a non-trivial character P — * Q ; *. Thus 
= S P ep ; (p,p)=2A ^{x-iP)- We pick a basis ei,e2 of P such that (ei,e2) = 1, 
(ej, ej) = for i = 1, 2. We set a; = x\e\ + x^e-i where Xi G k, x\x^ = A'. We set 
V = Pi e i + P2G2 where pi G k, p\P2 = A. We have 

h x )= E V'Ozipi + X2P2) = E ^(pi+P2)- 

Pi,P2 6fc*;pip 2 =A pi,p^efc*;piP2=AA' 

This identity (and the analogous identities where q is replaced by a power of q) 
implies (i). 

We now give an alternative proof of (ii) at the level of functions on U. For any 
n-dimensional isotropic subspace L of U we consider the function Jl'-U — > Q; 
which takes the constant value 1 on L and is on U — L. It is clear that /l = /l- 
Let / = c _1 fi, where L runs over all n-dimensional isotropic subspaces of U 
and c = 2(q + l)(q 2 + 1) . . . (q n ~ 2 + 1). Clearly, f(x) = if (x, x) ^ 0, f(x) = 1 
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if (x, x) = 0, x 7^ 0, f(x) = 1 + q n ~ 1 if x = 0. We have / = /. This gives the 
required identity. 

Let /C be a K-equivariant simple perverse sheaf on V. From (i),(ii),(iii) above 
we see that the following three conditions on /C are equivalent: 

(I) both supp(/C) and supp(#(/C)) are contained in {x E V; (x,x) = 0}; 

(II) /C is biorbital; 

(III) /C^/C [?]. 

3.6. Let V be a k-vector space of dimension 2n + 2 > 6 with a fixed nondegenerate 
symplectic form (,) : V x V — > k and with a fixed grading V = Vb © V"i such 
that (Vb,^i) = and such that dimVb = 2,dimV~i = 2n. Let sp(V) = {T E 
End(V); (T(x),y) + (x, T(y)) = Vx, y E V}. Let 

£ = {T E sp(y);TF C Vi,TVi C Vo}. 

Note that i? = sp_i where sp±i are the ±1 eigenspaces of an involution of sp(V) 
(induced by an involution of Sp(V) whose fixed point set is K = Sp(Vo) x Sp(Vi) 
which acts naturally on E). Hence the notion of antiorbital complex on E is 
well defined (a special case of 0.6). (In our case the function is the restric- 
tion to E x E of the symmetric bilinear form T,T' ^ tr(TT') on End(V).) The 
variety of nilpotent elements in E decomposes into a union of three X-orbits 
{0}, £>,£>' represented by 0,N,N' where (V, N) ^ (^1,3, T1)® 2 © (V M , Ti)®( 2n " 4 ), 
(V, N') = (V 0tl , Ti) © (Vi.0, Ti) © (Vi.i, T!)®( 2n -2) (as objects of C 1 that is without 
a symplectic form). Note that the isotropy groups of 0, N, N' in K are connected. 
Let /Co = IC({0},Qz) E [?], K = IC{0, Qi) B [?], /C = /C(<5', Q0b[?] be the corre- 
sponding orbital complexes on E. We have the following result. 

(a) £(/C ) = Qj)[?], 5(/C) ^ /C, 5(/C') ^ /C'. /n particular, K and KJ art 

biorbital. 

The first equality in (a) is obvious. Now let X be the set of all (T, W) where T G E 
and W is an n-dimensional isotropic subspace of V\ such that T{Vq) C W C ker(T). 
Let X' be the set of all (T, W) where T E E and W is a line of V such that 
T(Vi) C W C ker(T). Note that X, X' are smooth varieties and the obvious 
projections p : X — * E, p' : X' E are proper maps. If T E p(X) then 
clearly T 3 = so that T is nilpotent. Similarly if T G p'(X') then T 3 = 
so that T is nilpotent; actually in this case we have T 2 = 0. (It is enough to 
show that T 2 V = or that T 2 x = 0,T 2 x' = where x,x' is a basis of Vo 
such that (x,x') = 1. Clearly, Tx = 0, T 2 x' = cx where c G k. We have 
c = (cx 7 x') = (TV, x') = -(Tx', Tx') = 0. Thus c = and T 2 x' = 0.) Note that 
p~ 1 (N) can be identified with the variety of all n-dimensional isotropic subspaces 
W of Vi such that W contains N(Vq) (a 2-dimensional isotropic subspace of Vi) 
and is contained in ker(iV) n V\ (a codimension 2 subspace of V\ equal to the 
perpendicular of N(Vo)). Thus p restricts to a map p _1 ((9) — > O which is a 
(locally trivial) fibre bundle whose fibre is isomorphic to the space of Lagrangian 
subspaces of a (2n — 4) dimensional symplectic vector space. Since O is open in 
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the nilpotent variety of E we see (using the decomposition theorem) that p\Qi is 
isomorphic to a direct sum of complexes of the form /C[?] (at least one) and of 
some complexes of the form K! [?] or /Co [?] • 

Next we note that p'~ 1 (N') is a single point of X' namely (N',W') where 
W = N'(Vi); more precisely, the restriction of p' from p /_1 ((9 / ) to O' is an 
isomorphism. Since p'(X') C O' Li {0} and O' is open in O' U {0} we see (using 
the decomposition theorem) that p\Qi is isomorphic to /C'[?] direct sum with some 
complexes of the form /Co [?] • 

Let W be an n-dimensional isotropic subspace of V\ and let W be a line in V . 
Let 

p = {T G sp(F);TW C W}, p' = {TG sp(V);TW' C W'}, 

n = {T G sp(F);7V C W ± ,TW ± C W,TW = 0}, n' = {T G sp(F);TV C 
W ,± TW ,±_ c W ' TW , = Q | 

Here VF -1 , W denote the perpendicular to W, W with respect to (, ). Note that 
p,p' are parabolic subalgebras of sp(V) with nil-radicals n, n'. Moreover we have 
p = pi © p_i,p' = pi © p'_i, n = m © n_i, n' = n[ © n'_ 1 where (); = Q D spj. 
We show that p_i = n_i, p'_ 1 = n'_ 1 (that is, the parabolic subgroups of Sp(V) 
corresponding to p,p' are (-l)tight). Let T G p_i. We have TW C V n W = 
so that TVF = 0. It follows that TV C W^. We have = V ®W hence 
Tlf 1 = TVb +TW = TV cW ± nV 1 = W. We see that p_i = n_i. A similar 
proof shows that p'_ : = n'_ 1 . Now p\Qi = Ind p i Qz, p'Qi = Ind p / ^ Qi (see A.l). 
Here is viewed as a complex on p_i/n_i = or p'^/n'^ = 0. From Theorem 
A.2 (or from 3.2(b)) we see that ^(p.Qz) = piQ/[?], d(p[Qi) = pfQit?]- 

It follows that StPiQz) is isomorphic to /C'[?] direct sum with some complexes of 
the form /Co[?]; it is also isomorphic to 3"(/C')[?] direct sum with some complexes of 
the form 5'(/Co)[?]- But supp5(/Co) = E showing that #(/Co)[?] cannot be a direct 
summand of ff(pfQi)- It follows that /9(Q Z ^ /C'[?] ^(/C')[?]- Hence ^(/C') ^ /C'. 

We also see that 5(piQz) is isomorphic to a direct sum of complexes /C[?] (at 
least one) and complexes of the form /C'[?] or /Co[?]; it is also isomorphic to a direct 
sum of complexes ^(/C) [?] (at least one) and complexes of the form ^(/C') [?] = /C'[?] 
or S"(/Co)[?]. Again 5 r (/Co)[?] cannot be a direct summand of $(p\Qi). It follows 
that ^(/C) is isomorphic to K or to K' . If y(/C) = KJ then /C = ^(/C') hence K = K' 
which is not the case. Hence we have S"(/C) = /C. This proves (a). 

3.7. Let V be a k- vector space of dimension 2n with a fixed nondegenerate sym- 
plectic form (, ) : V x V — > k. Let 

£ = {T G End(F); (T(x),y) = (x,T(y)) Vx,y G F}- 

Note that E can be viewed as the (—1) eigenspace of an involution of End(V) 
(induced by an involution of GL(V) whose fixed point set is the symplectic group 
Sp(V) which acts naturally on E). Hence the notion of antiorbital complex on E 
is well defined (a special case of 0.6). (In our case the function is the restriction 
to E x E of the symmetric bilinear form T, T i-> tr(TT') on End(V).) Let E be 
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the set of all T G E such that T : V — » V is semisimple and any eigenspace of T is 
2-dimensional. Note that Eq is open dense in E. Using methods similar to those 
in §2 we see that any antiorbital complex on E is of the form IC(Eq, £)[?] for a 
suitable local system C on Eq (compare with [L4, §13].) It follows that, if n > 0, 
there are no biorbital complexes on E. 

3.8. We preserve the setup of 3.1. Let ( e k*. For any if-orbit O in g™ 1 let O- = 
{(x, y) G fl( x g,*-! ; x G O, [x, y] = 0} where [, ] is the bracket in g. As in [L5, 22.2], 
we identify C ! with the conormal bundle of O in g^. Hence it is smooth, irreducible 
of dimension dimg^. Hence A := {(x,y) G g™ u x g^-i; [x,y] = 0} is a (closed) 
subvariety of g^ x g^-i of pure dimension dimg^; its irreducible components are 
O x (closure of C ! ) for various O as above. Similarly for any if -orbit V in tfg-i 
let V ! = {(x, y) G x Q(-i;y G V, [x,y] = 0}. Then V ! is smooth, irreducible 
of dimension dimg^-i = dimg^. Hence A' := {(x,y) G g^ x g™!^; [a;, y] = 0} 
is a (closed) subvariety of g^ x g^-i of pure dimension dimg^; its irreducible 
components are V ! (closure of V ! ) for various V as above. Let 

A = A n A' = {(x, y) G gf x g n fi ; [x, y] = 0}, 

a (closed) subvariety of g^ x g<*-i of dimension < dimg^. The irreducible compo- 
nents of A of dimension dimg^ are of the form O l (where O runs through a subset 
H{ of the set of if -orbits on g™ d ). They are also of the form V ! (where V runs 
through a subset H^-i of the set of if -orbits on g^-i)- Hence there is a unique 

bijection t : H^-i such that O- = l(O)- for any t G Hq. 

Now let /C G 0.c_ and assume that supp/C = O (closure of O as above), 
supp#(/C) = V (closure of V as above). Let S (resp. 5") be the singular sup- 
port of /C (resp. #(/C)); they are subvarieties of g^ x g^-i. Note that S = S' and 
[ C S C U , c(5 e> /! C A, V ! C S" C U v , c yV^ ! C A' where C runs over the 
if -orbits in O and V runs over the if -orbits in V. It follows that (9 ! C A'. Since 
O- C A we see that £> ! C A n A' = A. Similarly, V ! C A. We see that: 

(a) if K G 0£ t/ien supp(/C) = (5 where O G i?£. in particular if x <E O and 
V e 0c 1 sa ti s fi es [ x jU] = t/ien y is nilpotent. 

In the case where g^ arises as in 0.4 from a cyclic quiver, the variety A is the 
same as that defined in [L2, §12]. In this case A is of pure dimension. Also in this 
case the bijection t can be viewed as a bijection V£ p —> V^ p (notation of 1.2). It 
would be interesting to describe this bijection explicitly. (It is analogous to the 
involution of !Z t which takes a partition to the conjugate partition.) 

If C has large order in k* then A is again of pure dimension (see [L5, 22.2]). 

3.9. Let G (resp. g) be the set of all 4 x 4 matrices a = (a^) with G k for 
i,j G [1,4], aij = for all i > j and an = 1 (resp. an = 0) for all i. Note that 
G is naturally a unipotent algebraic group with Lie algebra g. Let f) be the set 
all 4 x 4 matrices b = (bij) with bij G k for i,j G [1,4], bij = for all i < j. 
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We identify g with the dual space of f) via the nondegenerate bilinear pairing 
(a, b) = J2i<j a ijbji G k- Now G acts on g by conjugation and this induces a 
G-action on f) (by duality). Hence the orbital complexes on () are well defined and 
the antiorbital complexes on g are well defined. 

Consider the partition f) = U\ U U 2 U U3 U L/ 4 U U$ where 

Ux = {&; 631 = 641 = b 42 = 0}; U 2 = {&; 631 = b 41 = 0, b 42 ^ 0}; 
= {b; b 41 = 642 = 0, 631 ^ 0}; U 4 = {b; 641 7^ 0}; 

U 5 = {b; 641 = 0, 631 7^ 0, 642 ^ 0. 
For i = l,2, 3, 4, 5, £/j is a union of G n -orbits of fixed dimension: 0, 2, 2, 4, 2. 

Let 

Vi = 0, V 2 = {a G g; a 23 = a 34 = 0}, V 3 = {a G g; a 12 = 0, a 23 = 0}, 
V 4 = {a G g; a i2 = a 34 = 0}, V{ = {a G V4; a 23 7^ 0}, 
V5;x, y = {a G g; a 23 = 0, xa i2 - ya 34 = 0} (x G k*, y G k*). 
The class of antiorbital complexes on g consists of: 

(1) Cf[6] where / : V± — > k is a 1— > xai 2 + ya 2 3 + 2034 (x, y, 2; G k); 

(2) JCg[4\ where / : V 2 — » k is a 1— > xai 2 + ya 2 4, (xGkjGk*); 

(3) jCj[4] where / : V3 — > k is a 1— > xai3 + ya 34 , (x G k*, y G k); 

(4) 7C(y 4 , £/) fl [4] where / : ^ — k is a ^ xa 23 + y(a 14 - ^^), (x G k, y G 
k*); 

(5) £j£[4] where / : V 5)C) d — * k is a h-> xai 3 + ya 24 + zx~ x a 34 , (z 6 k). 

Note that the complexes (1), (2), (3), (4), (5) are obtained by applying $ to the 
orbital complexes on f) with support contained in Ui, U 2 , U3, U 4 , Us respectively. 



Appendix. Induction, restriction 

A.l. Let G, g, K, k be as in 0.3. We assume that the characteristic of k is 
sufficiently large. For Q G k* let g^, be as in 0.3. We consider the datum 

s/'.r./.p.n.u 

where P is a parabolic subgroup of G such that $(P) = P, U is the unipotent 
radical of P, L = P/U and p,n, I denote the Lie algebras of P, U,L. Note that 
p = ©£ek*Pc 5 n = ©cek*nc where p^ = p fl g^, = n fl g^. Moreover 1} induces 
a semisimple automorphism of L and of I denoted again by 1? and we have a 
decomposition [ = ©£ £ k* ^ where is the C-eigenspace of #:[—>[ (it is also equal 
to 7r(p 2 ) where 7r : p — > I is the obvious map). Let be the identity component 
of the fixed point set of $ : L — > L. It acts naturally on for any ( G k*. 

Let C G k*. Let 7r^ : p^ — ■> ^ be the restriction of 7r. Let Uk = U fl K (a 
connected unipotent group), Pk = (Pnif )°. Let = K Xtj k Pc, -E 1 " = K x Pk p^. 
we have a diagram 

l c < — h c — ► h c — > g c 

where pi = pi( are given by pi(g,x) = 7r c (x), p 2 (g,x) = (g,x), p 3 {g,x) = 
Ad(g)(x). Note that pi is smooth with connected fibres, p 2 is a principal bun- 
dle with group Pk/Uk = Pk and p 3 is a proper map. Let A be a semisimple 
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L^-equi variant complex on Then p\A is a semisimple L^-equi variant complex 
on E'f-. Hence p\A = p\A' for a well denned semisimple complex A' on E". We 
set 

Ind^(A)=p 3 !A / Gl?(g c ), 
Ind^ (A) = Ind^ (A) [dim n + dim n c ] . 

The following result is of the same type as [LI, 7(a)], [L2, Theorem 5.4], [L5, 
Cor. 10. 5], [H, Theorem 4.1]. The proof we give is almost a word by word repetition 
of that of Theorem 5.4 in [L2]. 

Theorem A. 2. We preserve the setup of A.l. We have 

5(Ind^(A))-Ind^:;(5(A)). 

We consider the commutative diagram 



X a x h Ubc > X c Ucd > X d 



X 



Uhk 



Ukr 



X m <- 



x r 



u if 



x, J^- x k -Jfsu x l 



x n 



Ug d 



> Xf ► Xg 



in which the notation is as follows. 

-X<i = ^C' = -E 1 ", A fc = E'{, X d = 

X m = ^-l, A D = -E>-1> A n = ^-1, A p = 0c- 

= 0C X 0C" 1 ' X f = K X Pk (PC X 0C" 1 ). = # X[/k (PC X 0C" 1 )' 

Xi = K x Pk (p c x p c -i), X h = K x Uk (p c x p c -i). 
Xj = l c x [ c _i, Xk = K x Uk (l c x p f -i), X\ = K x Pk (l c x p c -i). 
_ C _ C _ C _ C" 1 _ C _1 _ C" 1 

u fg is {g,x,x') 1 (Ad((/)x, Ad^x'), w fcj - is (g,x,x') i-> (a, 7^-1 (a')). 

lt e /, M/u, MfcJ, "Ueb, M/c, Wgd' %a, Uif, Uhk, V>U, U gp , U kn , «Zo, Mjm are the obvioUS 

maps. 

Note that « : g x g — » k restricted to p x p induces a function [ x [ — > 
k which is analogous to k. Hence we can define local systems of rank 1 on 
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Xj, Xk, Xh, X[, Xi, X e , Xf, X g (equal to £ K ( in the case of X g ) which correspond 
to each other under inverse image by 

U fgi U ef, u he, Uif, Uhi, Mfej, M/ifc, Ukl, Uu. 

We shall denote each of these local systems by C. 

Let L a = Ae V(X a ). Let L b = u* ba L a G V(X b ); let L c G V(X C ) be the unique 
semisimple complex such that ul c L c = L b and let La = u c d\L c G V(Xd). Let 
L g = u* d Ld G V(X g ) and let L p = u gp \(L g (g) C) G V(X p ). By definition we 

have J(Ind^(A)) = L p [D] where D = dimg c . Now let Lj = u* ja L a G V(Xj) and 
L m = u jm\{Lj <S> C) G T>(X m ). This is a semisimple, L^— equivariant complex 
(it is J(A) [- dim [ c ]). Let L n = < m L m G P(X n ) and let L G £>(X ) be the 
unique semisimple complex such that u* no L = L n . Let V = u op \L Q G V(X P ). By 

definition we have Indp^~) (5(A)) = L^fdim Hence it suffices to prove that 

(a) L p = L p [dim — dimg^ + dimn^-i — dimn^]. 

Let L e = u* h L b G V(X e ), Lf = u*f c L c G V{Xf). Then Lf is a semisimple complex 
(since L c is semisimple and Uf c is smooth with connected fibres) and L e = u*fLf. 
Moreover, Uf g \Lf = L g (since the diagram Uf c ,u c d,Uf g ,u g d is cartesian). Hence 
we may go from L a to L p by the chain L e = (u ba u eb )*L a , L e = u*fLf (Lf 
semisimple), L p = (u gp Uf g )\(Lf (g) £). Similarly, we may go from L a to L' p by 
the chain L k = (u ja u kj )*L a G V(X k ), L k = u* kl Li (L t G V(X{) semisimple), 
L ' P = {uo P uio)\{Li <g> £). 

Let Lh = u* hk L k G V(Xh), Li = u* t Li G V(Xi). Note that uu is a vector bundle 
with fibres of dimension dimn^. It follows that Li is semisimple (recall that L\ is 
semisimple) and that uu\Li = L;[— 2 dimnj. Hence we have (u op ui uu)\(Li® C) = 
L' p [—2 dimn^]. We have dimn^-i — dimn^ = g^ — — 2 dimn^. Hence it is enough 
to prove that 

(al) L p 9* L' p [-2 dim n c ]. 

We have u* hi Li = Lh and it follows that we may go from L a to L' p by the chain 
Lh = (uj a UkjUhk)*L a , L h = u* hi Li (Li G V(Xi) semisimple), Lp[-2dimn c ] = 
(u op ui uu)\(Li <g> C). 

Since L c is semisimple and Uf c Uif a vector bundle we see that u*fLf = (uf c Uif)*L c ^ 
is semisimple. Now both u*fLf and Li are semisimple and they have the same 
inverse image Lh under Uhi (a smooth morphism with connected fibres). It fol- 
lows that u*jLf = Lj. Since u op u\ uu = u gp Uf g Uif we see that L' p [— 2dimn^] = 
(u gp UfgUif)\(u*f(Lf <g> £)). We now see that (al) would be a consequence of the 
following statement: 

Lf®C and Uif\u*f(Lf <g> C) have the same image under (u gp Uf g )\. 

An equivalent statement is: 
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(b) if u' denotes the inclusion of Xf — into Xf (as an open subset), then 

(U gp UfgU')\U'*(Lf ® C) = 0. 

(We use the distinguished triangle associated with the partition Xf = Xi U 
(Xf — Xi).) We now consider the commutative diagram 



Xh > An < Xf < 



x n 



Uf 



X r 



^ W bc ^ W fc W 

Y b > Y c < Y f < 



Xf - Xi 



Yf~X l 



where the notation is as follows. 

Y b = (K/U K ) x [ c , Y c = K x Pk [ f , Yf = K x Pk (l c x g^). 

u b , u c , Uf, Wbc, Wfc, w', v' are the obvious maps, w" is (g, x, x') i— > Ad(g)x'. 



Let Mi, 



'L a G T>(Yb); this is a L^-equivariant semisimple complex hence 



there is a well defined semisimple complex M c G ^(^c) such that wl c M c 



Mi 



w 



fc 



M c eV(Y f ). It is clear that u£M 6 = L 6 , w*M c 



L c , u}M f 



'L f = u'*u}M f = u"*w'* 



M b . Let 
Lf (note 
M f . 



that -Ub, w c , Uf are vector bundles). Hence we have u -Uf 
The statement (b) can now be rewritten in terms of Mf instead of Lf. 

(u gp Ufgu')\(u"*w'*Mf ®£) = 

or equivalently (using u gp Uf g u' = w"w'u"): 

{w"w'u")\{u"*w'*M f <g> C) = 0. 

This would be a consequence of the following statement: 
u\'(u"*w'*Mf <g> £) = 0. 

We have u['(u"*w'*M f ® C) = w'*M f <g> «£), hence it suffices to prove that 
<£ = in P(y y - X/). 

Let us fix a point ((7, x, x') G Yf — Xi and let T be the fibre of w' over this point. 
Let k : r — ► k be the function (g, x, x') 1— > k(x, x'). By base change, it is enough to 
prove that the cohomology with compact support of V with coefficients in £ K | r is 
zero. By a known property of Artin-Schreier local systems, it is enough to verify 
the following statement: one can identify T with for some N so that k is given 
by a non-constant affine linear form on k^. We can find a ^-stable Levi subgroup 
L of P. Let [ be the Lie algebra of L. Let = I D Q^. We have = © n^. 
We can identify = in an obvious way; hence we can view x as an element of 
l{. We have an isomorphism —> V given by z 1— > (g, x + 2, x'). The function 
k on T can be identified with the function z 1— > k(x + z, x') = k(z,x') + k(x, x') 
on n^. It is enough to show that the linear function z 1— > x') is not identically 
zero. Assume that it is identically zero that is n(n^,x') = 0. If C' 7^ C we have 
^KflC'flC" 1 ) = 0- Hence K(n^,x') = 0. We see that k(u, x') = hence x' G p' and 
x' G p^-i. This contradicts x' G 0^-i — p^-i. The theorem is proved. 
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A. 3. In the setup of A.l let us assume that A is an orbital complex (on l^). We 
show: 

(a) Indp^(A) is a direct sum of finitely many orbital complexes (with shifts) on 

flC- 

Let A',ps be as in A.l. In our case A' can be viewed as a mixed complex, pure of 
weight (up to shift); hence by the decomposition theorem, ps\A' is a direct sum of 
shifts of simple perverse sheaves. It is then enough to show that S := supp(ps\A) 
is contained in the union of finitely many X-orbits on g^. Since the intersection 
of any G-orbit on g with g^ is a union of finitely many i^-orbits, it is enough 
to show that S is contained in the union of finitely many G-orbits on g. Let 
S = supp(A) C l^. From the definitions, S is contained in the union of X-orbits 
in that meet n^ 1 (So)- Hence S is contained in the union of G-orbits in g that 
meet 7r~ 1 (5'o). Hence it is enough to show that 7r~ 1 (5'o) is contained in a finite 
union of G-orbits in g. It is also enough to show that the set S of semisimple parts 
of the various elements in 7r _1 (So) is contained in a single G-orbit in g. Now the 
set Sq of semisimple parts of the various elements in So is contained in a single 
L^-orbit in hence in a single L-orbit in O in [. Since S C 7r _1 (iS ) it is enough 
to note that the set of semisimple elements in 7r~ 1 ( l 5 ) is a single P-orbit on p. 
This completes the proof of (a). 

Next we assume, in the setup of A.l, that A is an antiorbital complex (on l^). 
We show: 

(b) Ind^(A) is a direct sum of finitely many antiorbital complexes (with shifts) 
on C . 

By assumption we have A = $(Ai) where A\ is an orbital complex on t^-i. Using 
A. 2 with A replaced by A\ and C by C _1 we see that 

Ind^(A)=^(Ind^i;(A 1 )). 
Using (a) with A replaced by A\ and ( by C _1 we see that 

ind^:;^)^©^] 

where Pi are orbital complexes on g^-i and di G Z. It follows that 

indi^A) = ^mm 

where d- 6 Z and (b) is proved. 

Finally we assume, in the setup of A.l, that A is a biorbital complex (on l^). 
We show: 

(c) Indp^(A) is a direct sum of finitely many biorbital complexes (with shifts) 
on g c . 

Using (a) we see that Ind^(A) = @iPi[di] where Pi are orbital complexes on g^ 
and di G Z. Using (b) we see that ®iPi[di] = ®jQj[e-j] where Qj are antiorbital 
complexes on g^ and ej G Z. It follows that the isomorphism classes in {Pi} 
coincide with the isomorphism classes in {Qj}. Hence each Pi is biorbital. This 
proves (c). 

A.4. Let (Gk*. For B G V(g c ) we define (in the setup of A.l) Res^(S) = 
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7r C! (S| Pc ) e V(l c ), Res^(S) = Resj*(B)[dimn c - dimm]. 
Proposition A. 5. We have £(Res£(fl)) = Resj£(£(B)) m P(I c -i). 

The proof is exactly the same as that in [L5, 10.4] if we use Lemma A. 6 below 
instead of [L5, 10.3] and we replace g n , p n , l n , n n , g_ n , p_ n , L n , n_ n , n , r, £ T by 
0£,PO k^C'flC-^PC" 1 ' Ic-i,n£-i, ni, k c ,£"<. 
Lemma A. 6. Consider the diagram 

(sc x Pc- 1 ) - (Pc x Pc- 1 ) > sc x Pc- 1 

x 

(sc x k- 1 ) ~ (Pc x k- 1 ) ► 0c x k- 1 

where the horizontal maps are the obvious inclusions, x is the obvious projection 
and x' makes the diagram commutative. We have = 0. (Here C K < is the 

local system on (g^ x p^-i) — (p£ x p^-i) defined by restricting the analogous local 
system on g^ x p^-i, see 0.3.) 

We choose a tf-stable Levi subgroup L of P. Let \ be the Lie algebra of L. We 
have [ = ©<^'6k*fc' wnere = I fl g^>. We identify I with [ via the obvious map 
p — > I. Let (x,y) Gg( x be such that x £ p^. We have 

(a) = {(x,y + z)\z E n c -i}. 

It is enough to show that the cohomology with compact support of the variety 
(a) with coefficients in C K < is zero. We identify this variety with n^-i via the 
coordinate z. The restriction of to this variety is of the form z i— > k(x, z) + c 
where c is a constant. It suffices to show that the linear function z i— > k(x, z) on 
n^-i is not identically zero. If it were identically zero, then k(x, n) = hence x G p 
and x £ p^ contradicting our assumptions. The lemma is proved. 

A. 7. Assume now that B is an orbital complex (on g^). We show: 

(a) any composition factor of any perverse cohomology sheaf of Res^ (B) is an 
orbital complex on l^. 

Since each perverse cohomology sheaf of D := Resp^(L?) is L^-equivariant, it is 
enough to show that supp(L>) is contained in the union of finitely many L^-orbits 
on Since the intersection of any L-orbit on [ with is a union of finitely many 
L^-orbits, it is enough to show that supp(L>) is contained in the union of finitely 
many L-orbits in I. Clearly, supp(D) is contained in 7r(supp(L?) fl p) hence it is 
enough to show that 7r(supp(L?) fl p) is contained in the union of finitely many 
L-orbits in I. Since supp(S) is the union of finitely many LT-orbits, it is contained 
in the union of finitely many G-orbits on g, and it is enough to note that for any 
G-orbit O in g, the set tt(0 fl p) is the union of finitely many L-orbits in I. This 
completes the proof of (a). 

Next we assume that B is an antiorbital complex (on g^). We show: 
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(b) any composition factor of any perverse cohomology sheaf of Res p ^ (B) is an 
antiorbital complex on l^. 

Let R be a composition factor of a perverse cohomology sheaf of Resp^(-B). By 
assumption we have B = $(Bi) where Bi is an orbital complex on q^-i. Using 
A. 5 with B replaced by Bi and £ by C _1 we see that Resp^(-B) = #(ReSp C _* (-Bi))- 
Let i?i be a simple perverse sheaf on t^-i such that R = $(Ri). Then Ri is a 
composition factor of a perverse cohomology sheaf of Resp^_j (Bi). Using (a) with 

B replaced by Bi and £ by C _1 we see that Ri is orbital. Hence R is antiorbital 
and (b) is proved. 

Finally we assume that B is a biorbital complex (on q^). Combining (a),(b) we 
obtain: 

(c) any composition factor of any perverse cohomology sheaf of Res^ (B) is a 
biorbital complex on l^. 
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